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Abstract. Consider matrices with entries in a local ring, Mat(m,n, R), suppose a group G acts on Mat{m, n, R). The 
matrix A is G-stable if its orbit GA contains an open neighborhood of A. For the coarse topology on R this gives the 
classical notion of stability, while for the KruU topology this gives finite determinacy. 

We provide the general effective iff criterion for finite determinacy of matrices. Using it we obtain various detailed 
criteria for particular group actions. For example, for two-sided multiplications, G = GL(m,R) X GL{n, R), for two-sided 
multiplications together with the automorphisms of the ring, GL(m, R) X GL{n, R) x Aut{R), for congruence, etc. 

The results are of Mather type: for some tuples (m, n, R, G) there are no finitely-determined matrices, for others - the 
non-finitely-determined matrices are extremely rare. 

In some case we classify the stable matrices. 
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1.1. Setup. Let K be a field of zero characteristic. Let {R,m) be a (commutative, Noetherian) local ring over K. (As 
the simplest case, one can consider regular rings, e.g. the rational functions regular at the origin, K[xi, . . . , a^p](m) or the 
formal power series, K[[xi . . . ,Xp\]. For K C C one can consider converging power series, IK{}.) 

Let dim{R) < oo denote the KruU dimension of (i?, m). Geometrically, R is the local ring of the (algebraic/formal/ analytic 
etc.) germ Spec{R) and dim(R) is the maximal among the dimensions of the irreducible components of Spec{R). Usually 
we assume dim{R) >0, i.e. R is not Artinian. Let p denote the "embedding dimension" of Spec{R), i.e. the K-dimension 
of the vector space m/m^. (If R is regular then p = dim{R).) 

Let Mat{m, n, R) be the space of m x n matrices with entries in R, we always assume m < n (otherwise one can take 
the transpose). Various groups act on this space, e.g. 

• the left multiplications G; := GL{n,R), the right and two-sided multiplications G,. :— GL{m,R), Gir := Gi x G,.; 

• the "change of coordinates", Aut{R), and the corresponding semi-direct products, Qi :— Gi yi Aut{R), Qir :— Gir x 
Aut{R).. In this case we assume the ring R to be henselian. 

• For square matrices, m — n, one can consider e.g. conjugation (A — !• UAU^^) or congruence {A — > UAU'^), for 
U G GL{m,R). 

In this paper a group G O Mat{m^ n, R) is always assumed to be a pro-algebraic subgroup of Qir, i.e. for any projection 

Mat{m,n, R) '''^ Mat{m,n, R/m'^^^) the image jetk{G) is an algebraic subgroup of jetk(Gir)- 

Convention. Recall that any matrix is Gir equivalent to a block-diagonal, A ~'' I ® A', where all the entries of A' 
lie in the maximal ideal m, i.e. vanish at the origin. This splitting is preserved in deformation, i.e. given a family of 
matrices, A^ G Mat{m,n,R[\e\\), with Aq as above, this family is Gir equivalent to I© A'^, with A[ e Afat(*, *, m[[e]]). 
Therefore, in this work we mostly assume Ajo = O, i.e. A e Mat{m,n^m). 

1.2. Stability and finite determinacy. In this work we address the following classical question. Fix some G O 
Mat{m, n, m) 

For a "small" deformation A ^ A + B , are the initial and deformed matrices G-equivalent? 
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The answer depends essentially on the notion of "smallness" . If the topology 7i (on Mat{m, n, R)) is coarser than T2 
then 7i-stability implies 72-stability. Thus it is natural to study stability for the coarsest and the finest topologies. We 
consider two extremal cases. 

1.2.1. The strongest: ("classical") stability. Consider the projection Mat{m,n,m) ''—^ Mat{m,n,m/xn^). Choose some 
(minimal) set of generators of m/m^, identify Mai(m, n, m/m^) with the affine space K™"p. Then the Zariski topology 
on K'""P defines the one on Afot(TO, n, m/m^). Consider the corresponding topology on Mat{m,n,m), the open sets 
being the preimages (under jeti) of those in Mat{m, n, m/m^). Note that this topology is coarse, its open sets are huge, 
being cylinders over the large opens of Mat{m, n, m/m^). Call the deformation A A + B "small" if B belongs to some 

(small enough) open neighborhood of the zero matrix O. A matrix A is called G-stable \i A ^ A + B ioi any small B, 
alternatively, A is stable if its G-orbit contains an open neighborhood of A in Mat{m,n,m). 

1.2.2. The weakest: finite determinacy. The maximal ideal of R induces the natural filtration; 
(1) Mat{m,n,R) D Mat{m,n,m) D Mat{m,n,m^) D ■ ■ ■ 

So, we have the KruU topology, generated by all the sets of the form A + Mat{m, n, m^ ). A matrix is called k- determined 
\i A^ A + B ioY any B e Mat{m, n, m*^"'"^). A matrix is called finitely-G- determined if it is fc-determined for some k gN. 
(Alternatively, the orbit GA contains an open neighborhood of A, in Krull topology.) 

Note that the Krull topology is much finer than the coarse topology (as above), in particular the (classical) stability 
implies one-determinacy and is close to the zero-determinacy. (Recall that we consider only matrices vanishing at the 
origin.) 

1.3. Remarks. 

1.3.1. Base Change. It is natural to relate the order of determinacy over a given ring R to that over some related ring. 
(For example, for R= S/I, with ^-regular.) The expected relation exists if G does not involve the change of coordinates, 
but breaks completely otherwise (see H2.2\ for the behavior of determinacy under base change) . 

1.3.2. Adjustments by higher orders. For any group G O Mat{m,n, R) and some fixed fc £ N, consider the projection 

R i?/m''"'"^. Then jetu maps Mat{m,n,R) to Mat{m,n, R/m'^'^^) and G acts on Mat{m,n, R/m'''^^) through 
the corresponding group jetk{G). Consider G^*^) :— {jetk)~^{e) C G, i.e. all the elements of G that act trivially on 
Mat{m,, n, R/m'^'^^), i.e. transformations that are identities "up to fc'th order" . The finite determinacy of A is established 
by studying the tangent space to the orbit, T(^ga,A)i ^2.31 As the inclusion Tf^cWA^A) C T(^ga.a) is of finite codimension, 
we get: A is finitely-G-determined iff it is finitely-G*' '^■'-determined. 

1.3.3. Smooth and analytic matrices. In most of the paper R is assumed to be Noetherian, in particular this excludes 
the rings of smooth functions. However, our results are applicable to G°° category. We prove, in t )5.1l that a G°° matrix 
is finitely-G-determined iff its completion is finitely-determined (for the completion of G). 

Similarly, for K C C, an analytic matrix is finitely (analytically) determined iff it is finitely formally determined. 

1.3.4. In the particular case, R = S[xi, . . . , Xp\/{xiXj), G = Gir, we have the p-tuples of matrices over 5, i.e. the 
representation theory of the quiver with two vertices and p arrows. 

1.3.5. Formulation in terms of maps. Ignoring the matrix structure we can consider Mat{m, n, R) as the space of maps, 
Maps{Spec{R),{W^^,0)). The contact group, /C, acts on this space and Gir C JC. (This inclusion is "tight", i.e. Qir 
cannot be enlarged further, t j2.in Thus the finite-^-determinacy of a matrix implies the finite-/C-determinacy of the 
corresponding map. In the inverse direction, starting from the space Maps{Spec{R), {TK.'^ ,0)), with N = mn, we can 
associate to any map the corresponding matrix. As the orbits of the group Qir are much smaller than those of /C, we get 
a much stronger notion of finite determinacy. 

1.3.6. Restricting to subsets of Mat{m, n, R). Recall that congruence, A — > UAU'^, preserves the (anti)symmetry. There- 
fore no (anti)symmetric matrix can be finitely determined in Mat{m,n, R) for Gcongr x Aut(R). However, in this case 
it is natural to consider only deformations inside the subspaces of (anti)symmetric matrices, H3.3I 

More generally, for many groups G O Mat{m,n,m), there are no finitely determined matrices, for most rings. Thus, 
it is natural to restrict to some subspaces of Mat{m,n,m), for which one expects generic finite-G-determinacy. The 
general results of tj2.3l applv also for subspaces of Mat{m, n, m), defined by finite sets of algebraic conditions, admitting 
the i?-multiplication, which are also free i?-modules. (For example, (anti)symmetric matrices, upper/lower triangular, 
with zero trace etc.) 

We note, that in all the examples considered, the finite determinacy criterion for G C Gir is written in terms of the 
fitting ideal Im{A) or I„i-i{A). It will be very interesting to obtain some general statement of the type: 

Let Mq C Mat{m,n,K.) be a vector subspace, consider the corresponding R module M := jet^ {Mq). Let G O 
Mat{m,n,m) be the maximal group that acts on M , suppose G C Gir- Then the finite determinacy of A G M is 
determined by Im{A) or Im-i{A) only. 
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1.4. Results. In i j2.3l we obtain the general criterion ol finite determinacy, for a given (m, n, R, G), in terms of the ideal 
of maximal minors of some associated matrix A. The power of this criterion is shown by application to particular groups, 
to Gir and Gr in H'6.11 to Aut{R) in W3.71 to Gcongr for (anti)symmetric matrices in tj3.3l In some cases we classify the 
stable matrices too. In the appendix we relate the results to the smooth/analytic categories. 

1.5. Relations to other fields and motivation. 

1.5.1. Singularity Theory. The study of stability/simple types/finite determinacy is the usual starting point, |AGLV-l] . 
[AGLV-2) . ILooijenga-book] , |du Plessis- Wal!] . for K C K C C and_i? = K{xi,...,Xp} or K[[a;i, . . . , 0;^]] or C°°{Kp,0). 
The criteria are usually formulated over the algebraic closure K C K. 

• For functions, m = 1 = n, the simple singularities are the ADE singularities, while the finite determinacy means that 
the singularity of /^HO) C (Kp, 0) is isolated. 

• For m = 1 and the regular ring R we have maps, Maps((KP, 0), (K", 0)). The equivalence induced by Qir coincides 
with the contact equivalence, /C. A map F e MapsiiKP, 0), (K", 0)) is finitely determined iff either F-^{0) C (Kp, 0) is a 
zero-dimensional scheme or F~^{0) is a complete intersection (of expected dimension (p — n)) with an isolated singularity. 
In particular, the generic map is finitely fJ/^-determined. (Here the genericity is taken in the sense of |Tougeronl968| : 
the subset of non-finitely determined maps is of infinite codimension in Maps{{W' ,0), (]K",0)).) There are additional 
simple types, as compared to the case of functions (i.e. n = 1). 

• The case of square matrices (for R C K C C, i? = K{a:i, . . . ,Xp} and G = Qw) was considered in [Bruce- Tari20Q4) . 
and further studied in Bruce-Goryunov-Zakalyukin2002| , [BruceOSj . |Goryunov-MondO"5] , |Goryunov-Zakalyukin03| . In 



particular, the generic finite determinacy was established and the simple types were classified. 

• Finite determinacy is equivalent to the finite dimensionality of the miniversal deformation. In particular, the genericity 
of finite determinacy, for a fixed (m,n,i?, G), means: the stratum Sqo of germs of Tjurina number 00 is of infinite 
codimension in Mat(m, n, R). 

Remark 1.1. Note that we consider local situation: {R, m) is a local ring and Spec{R) is the (algebraic/formal/analytic 
etc.) germ at the origin. Thus any change of coordinates preserves the origin, i.e. for any (f> £ Aut(R): 0(m) = m. So, 
e.g. the Morse critical points, / = J2i £^re not stable in our approach. 

1.5.2. Relation to Commutative Algebra. For the relevant background cf. [Eisenbud-book] . 

• Any matrix is the resolution matrix of its cokernel, a module over R, i?®" 4 i?®™ -> coker{A) 0. From 
commutative algebra point of view the classical stability implies the rigidity of the module, while finite determinacy 
means that the miniversal deformation of a module is of finite dimension. 

For < j < m and A e Mat{m,n,R) let Ij{A) C i? be the fitting ideal, generated by all the j x j minors of A. (By 
definition Iq{A) = R.) Note that the chain of ideals R = Io{A) D Ii{A) 2 • ■ " 2 Im{A) is invariant under Gir action and 
admits the action of Aut{R). 

Note that the module is completely determined by the restriction onto its support, Supp{coker{A)) — V{Im{A)). In 

terms of matrices this means: A - B iff A ~ B mod{Im{A)). As the dimension of the ring Rjlj^-^i^A) is usually smaller 

than dim{R), it is often helpful to restrict onto the support of the module. 

A particularly important (and well studied) case is: m = n and det{A) ^ 0. Then A is a presentation matrix of a 
maximally Cohen- Macaulay module coker{A), Yoshino-book] . [Leuschke- Wiegandj . 

• The projection R A ^ R/m^ induces the map of categories ModR ->■ ModR/^k, defined by M M/m^M. This 
map is surjective, an R/xn^ module M is also an R module, for r £ R define rM := jetk-i{r)M . But the map is usually 
not injective, e.g. if the presentation matrix of Af/j has all its entries in m'^ then the image is a free R/m^ module. Our 
results give the regions of parameters (the size of presentation matrix, the dimension and embedded dimension of the 
ring) for which such map is "generically injective". 

• The general line of research is: "which information about a module is determined by its fitting ideals?" In particular, do 
the properties of stability /finite determinacy involve essentially the properties of modules or only of their fitting ideals? 
As our results show, if G does not involve the change of coordinates, then the finite-G-determinacy is a property of the 
zeroth fitting ideal of a module. Another classical question is: suppose for the two modules over R the (corresponding) 
fitting ideals coincide. What are the additional conditions to ensure that the modules are isomorphic (i.e. their resolution 
matrices are Gir equivalent)? Again, finite determinacy implies: we should check only the relevant fitting ideals and to 
compare the modules over R/m^ , for some large N. 

1.5.3. Relation to the Algebraization Problem. If a matrix A is fc-determined then, in particular, it is G-equivalent to a 
matrix whose entries are polynomials of degrees at most k. Therefore finite determinacy is a (significant) strengthening 
of the old problem of algebraization: "which objects have polynomial representatives?" More precisely, there are two 
versions. Suppose R is the localization/henselization/completion of S, with the natural embedding S ^ R. Consider a 
(finitely generated) module M^. 

■k When does there exists a (finitely generated module) Ns satisfying = i?® A^5? (Geometrically, given a fixed affine 
scheme X, consider its algebraic/analytic/formal germ at a point, {X, 0). Which modules over (X, 0) come as the stalks 
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of some sheaves over X7) 

-k When can S be re-embedded, S ^ R, such that Mfj comes as the extension, Mr — R (g) Ng? (Geometrically, given 

some analytic/formal germ (X, 0), which modules over {X, 0) can be realized as the stalks of some sheaves on some affine 
scheme, whose germ is (X, 0)?) 

The first version is the weakening of finite-G;r.-determinacy, the second is the weakening of finite-^/jr-determinacy. 

Therefore our results imply, in particular, various extensions and strengthening of the classical algebraization criteria 
for modules over local rings ( jElkik73] . for many additional results and bibliography cf. [Christensen-Sather- Wagstafl^ ) . 
We mention briefly two the recent developments. 

• IFSWW08) : 

Proposition 3.3: Let (-R, m) be a local ring, dim{R) = 1, whose completion R is a domain. Every finitely generated 
module over R is the extension of a module over R. 

Theorem 3.4: Let S ^ R be a flat local homomorphism, assume R is separable over S . Then every finitely generated 
module over R is a direct summand of an extension of a module from S 

Corollary 3.5: In particular, for henselization, R ~> R^ , every finitely generated module over R^ is a direct summand 
of an extension of a module from R 

Example 3.6 of their paper shows that this property fails for completions. 

• Much of research has been done for maximally Cohen-Macaulay modules (mCM), these are the modules whose pre- 
sentation matrix [A in our case) is square. In |Keller-Murfet-Van den Bergh2008] they prove: if [R, m) is a Gorenstein 
local ring, whose completion, (i?, m), has isolated singularities, then every mCM module over i? is a direct summand in 
the completion of a module over R. 

We remark that nothing of that type can hold for finite-Gir-determinacy, in view of our theorem 13.11 (for the direct 
sum the maximal fitting ideal of the matrix is the product, thus the direct sum of modules is finitely-Gjr-determined iff 
each of them is) . 



• Closely related are "Maranda type results" in commutative algebra, Leuschke-Wiegand §15.2]. Let (i?, m) be a 



Cohen-Macaulay ring admitting a faithfull system of parameters, xi,. . . 

Corollary 15.9. If for two mCM modules M,N: M / {{x1})M w N / {{xf})N , then there exists an isomorphism M N 
such that (j)® Rl {{xi\i) — 4>® R/{{xi\i) 

Ft. R 

(The faithful system of parameters exists e.g. for a complete Cohen-Macaulay ring with isolated singularity.) 



In terms of presentation matrices, Am,An, this implies: if det(ylA/) = det(Ajv) = G i? and Am ® ^/(x^ 



An ® i?/(x2), then Am A 



2. Generalities 

2.1. Groups acting on matrices. When studying stability /finite determinacy, it is natural to start from the biggest 
possible groups, i.e. the weakest (reasonable) equivalence, even if it violates the matrix structure. In the case of maps, 
the contact equivalence f iJ1.5.ip is satisfactory in various senses. Note that we can consider Maps{{W ,0), {K" ,0)) as 
Mat{l,n, S), (here S is the local ring of (K^',0), e.g. algebraic functions or formal power series) then the contact 
equivalence is induced by the action of Qir- 

Similarly, we can consider matrices over R as maps from Spec{R) to Mat{m,n,'K), i.e. consider Mat{m,n, R) as 
M aps{Spec{R) , (K™", 0)). Then the contact equivalence is induced by GL{mn, R) x: Aut{R). Therefore, it is natural to 
consider only those groups, G O Mat{m,n, R), that are subgroups of GL{mn, R) x Aut{R). Besides, the equivalence 
should, at least, distinguish between degenerate and non-degenerate matrices (i.e. matrices of distinct ranks). Groups 
with such properties are restricted by the following classical result. 

Theorem 2.1. [Dieudonne 1949) Let T be an invertible map acting linearly on the vector space Mat{m,m,K.) (possibly 
violating the matrix structure). Suppose T acts on the set of degenerate matrices, i.e. det(A) — iff Aei{TA) = 0. Then 
either T{A) = UAV or T{A) = UA'^V, for some U,V e GL{m,K). 

(For the general introduction to the theory of preservers, i.e. self-maps of AIat{m,m,K), that preserve some proper- 
ties/structures cf. |Molnar200"7l .) 

Therefore, in this paper G is always a (closed) subgroup of Qir. 

2.2. Change of base ring. If the group does not involve the change of coordinates, i.e. G C Gir, then the order of 
determinacy behaves well under the change of base ring. 

Proposition 2.2. Fix some G C Gir- 

1. If R ^ S ^ then the order of determinacy over R is bigger or equal to that over S. 
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2. Consider a homomorphism R S, suppose dimY^{S / (f){R)) < oo. If is k-determined with k > dim^{S / <j){R)) , 
then Aj^ (E) S is k-determined. 

Thus, if G C Gir, i.e. does not involve coordinate changes, then the stratum of not-G-finitely determined matrices, 
Soo C Mat{m,n,m), behaves well under the base-change (cf. remark [277)) . 

But for equivalence involving changes of coordinates the situation is much worse, e.g. finite dcterminacy over R neither 
implies nor is implied by that over R/I (for some ideal /). 

Example 2.3. The function f = x + ^ K[[x, y, z]] is finitely determined (even stable!) though its image in 
K[[a;, y, z]]/(a;) is not finitely determined. (Alternatively, the image of / in R/{f) is just zero.) In the other direc- 
tion, suppose dim{R) = 2, let / £ m (i.e. / vanishes at the origin). Then f^ER\s not finitely-/C-determined. But for 
any (generic enough) ideal J C R such that the ideal (/, J) C i? is of height two (i.e. the two germs intersect at the 
origin only) the element S R/ J is finitely determined. 

Let Nilp{R) be the ideal of all the nilpotent elements, so the ring R/Nilp{R) is reduced. 

Lemma 2.4. For any G C CJ/^, finite determinacy over R is equivalent to that over Rred '■— R/Nilp{R). 

Proof. The direct statement is trivial. For the converse statement, choose some fc G N be such that Nilp[Rf = {0} C i? 
and use lemma [^3] Then, if Imax{A (Xi R/Nilp{R)) D m;^ ^ it follows that Imax{A) D ^r'^- So, by the same lemma, A 
is finitely-G-determined. ■ 



2.3. Tangent space to the orbit and its presentation matrix. Let G O Mat{m,n,m), let T(^ga,a) be the tan- 
gent space to the orbit of G at A e Mat{m,n,m). This tangent space is naturally embedded into T(^Mat(m,n.m).A) ~ 
Mat{m,n,m). The classical criteria of Singularity Theory read: 

• The matrix A £ Mat{m, n, m) is G-stable iff this embedding is an isomorphism. 

• The matrix is G-finitcly determined iff the embedding T(^ga.a) ^ Mat{m, n, m) is of finite codimension, i.e. 

dimK(^Mat{m,n,m)j^j^^^^^^^'^ < oo. 

2.3.1. The criterion in terms of the fitting ideal. Let ^ be a generating matrix of T(^ga,a): i-e. T(^ga,a) is the image 

of the map M ^ AIat{m,n, R). (Here M is some free i?-module, AIat{m,n, R) is also considered as a free module, of 
rank = mn, so A is of size mn x rank{M).) We assume the presentation to be minimal (i.e. rank(M) to be minimal 
possible), so the columns of A are linearly independent over K . Further, as Ti^ga,a) C Mat{m, n, m), all the entries of A 
lie in m. 

Lemma 2.5. 1. A G Mat(m,n,m) is finitely-G-determined iff Imax{A) contains a power of the maximal ideal of R. 
2. If A £ Mat{m,n,m) is G-stable then Imax{A) — m™" C R. If R is a regular ring, then the converse holds too. 

Proof. Consider the cokernel, M A- Mat{m,n, R) — coker{A) 0, it is an _R-module. 

1. Finite determinacy means the finiteness of the codimension T(^ga,A) Mat{m,n, R), which is equivalent to the 
finite dimensionality of the module coker{A) (as ivT- vector space). And this is equivalent to: the annihilator of coker{A) 
contains a power of the maximal ideal. But, by [Eisenbud-bookl pg.498] the radicals of Ann{coker{A)) and Imax{A) 
coincide. Hence the first statement. 

2. As ^ £ Mat{mn, *, m) we get Imax{A) C m™". If A is stable then T^^ga.a) — Mat{m, n, m), so Ami{coker{A)) = m. 
Recall, [Eisenbud-bookl proposition 20.7], that Imax{A) C Ann{coker{A)) and ii coker{A) can be generated by k elements 
then {Ann{coker{A)))'' C Imax{A). In our case, coker{A) is minimally generated by mn elements, thus m™" C Imax{A). 
Combining with the previous we get Imax{A) — m™". 

Vice-versa, suppose Imax{A) — m™" then, as mentioned above, m™" C (^Ann{coker{A))) while, obviously, 
Ann{coker{A)) C m. Thus (^Ann{coker{A)))"^"^ = m™" . If i? is regular, then this implies Ann{coker{A)) = m, 
i.e. T(^ga,a) = Mat{m,n,m), which is the stability. ■ 

Remark 2.6. In general, for non-regular ring, the condition Imax{A) = m"*" does not imply stability. For example, 
given any ring {S,ms), consider R = S'[e]/{e-'m™"~''}j=i...m„, then m^" — m™". Suppose A £ Mat{m,n,ms) is stable, 
so Imax{A) — m™" = m^". But, of course, A is not stable inside Mat{m,n,mn). 

Remark 2.7. Lemma [2.51 determines directly, for any action G O Mat{m,n, R), the "worst" stratum Qf 
not finitely-determined matrices. In many questions of geometry/singularity theory the "worst stratum" is defined as 
the last step of a stratification procedure, it is defined inductively, raising various associated questions of complexity. In 
our case, this worst stratum is defined by the explicitly written condition. 

For G C Gir the definition of jg functorial under base change. Namely, for any homomorphism of rings 



5 — > i? and the associated map Mat(m,n, S) — Mat{m,n, R), the stratum transforms: (/)(Soo" ^"'"^ ) = E 



AIat(m,n,R.) 
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i.e. the ideal (of Soo'^ im^n, ) ^-j jg mapped to the ideal (of Soo" in R). Moreover, if (j) is injective, then 

1^ /'^Mat{m,n^R)\ /'^Mat{m,n,S) 

(p \^oo ) — [^oc 

Remark 2.8. As we show in theorem 13.11 the condition "/max (-4.) contains some power of m" is equivalent to: "A 
is finitely Gr-determined" . Similarly, for regular local rings, Imax{A) = m™" iff A is G^-stable. Therefore the lemma 
implies the general statement: 

The stability /finite determinacy for an arbitrary group G C C/Zr is reduced to those for Gr- 
in other words, the problem for an arbitrary group is "contained" in the problem for Gr- 

2.3.2. Criterion in terms of left kernel. For any given ring S*, the left kernel of a matrix B G Mat{m, n, S) is defined by 

(2) KeA^^B):={veS®"'\vB = OeS®"}. 

By construction, it is an S submodulc of the free module 5'®™, thus it is torsion- free (or zero). 

Lemma 2.9. Given A e Mat(m,n, R) and a group G, let A be the corresponding generating matrix of T{^qa a). Then 
A is finitely determined iff for any radical ideal J G R, that is not the maximal ideal, the matrix A (Ei R/ J has no left 
kernel. 

Proof. By the general commutative algebra, the support of the left kernel is precisely the radical of Imax{A), i.e. A®R/ J 
has a non-trivial left kernel iff J 3 Imax {A) . Thus, if Imax{A) contains a power of the maximal ideal, then for any 
radical ideal J that is not m, J 2 Imax{A). Thus A® R/ J has no left kernel. 

Suppose Imax{A) does not contain any power of the maximal ideal, then the quotient ring R/ lmax{A) has a positive 
Krull dimension. Taking J — \J Imax (^4) , we get: Imax{A® R/ J) = E R, thus A® R/J has the non-zero left kernel. ■ 

Remark 2.10. Suppose the ring R is analytic or algebraic, then we can take a representative of the germ Spec{R), a 
(small open) neighborhood of the origin, and this representative has closed points (besides the origin). Then, for any 
point in this neighborhood we can evaluate the matrix, A\pt, this is a numerical matrix. Then the condition, I max (A) 
contains a power of the maximal ideal" , is immediately translated into: for any point of the punctured neighborhood of 
the origin, pt G Spec{R) \ {0}, there is a function / 6 Imax{A) with f{pt) 7^ 0. Or, alternatively, the left kernel of the 
numerical matrix A\pt is trivial. For formal rings, we cannot compute ^ at a point off the origin. The statement of the 
lemma is just the reformulation of Ker^^\A\pt) = 0" condition to the case of an arbitrary ring. 

Thus, to check the stability /finite determinacy, we should write down the matrix Ag for a given group G. 



2.4. The matrices Ag^, Agi and AAut{R)- Consider the (most inclusive) case Gir- To construct the tangent space, 
we consider the "infinitesimal" action of Qir'. A{x) {1 + eU)A{x + £4>{x)){l + eV), for e € IK a parameter, where 
(p G End{R), in particular 0(0) = 0. So, T(^gi^A,A) is spanned by all the possible combinations of UA, AV, 4'i^{3l)duA. 
By choosing U, V as elementary matrices we get that T(^gi^A,A) is generated, as an _R-module, by: 

(^A,jEkj}^,k, (^A,jE,k}3,k, {mVA}j, 

3 i 

Here Eij are elementary matrices, {Eij)ki = SikSji. In the first brackets we have matrices with only one non-zero row, 
an arbitrary row of A, in the second - matrices with only one non-zero columns, an arbitrary column of A. In the third 
brackets we have derivations V oi R applied to A. Denote the generators of _R-module Der{R) by 9i, . . . , 9p. (If i? is a 
regular ring, then these are just the ordinary derivatives.) As for finite determinacy we need only the finiteness of the 

dimension of Mat{m, n, "^^^g,^ , we can consider the module generated by {diA}, instead of {mdiA}, i.e. we consider 

the module generated by 

{^^^AijEik}j^k, {diA}i=i,,p 

3 i 

Identify Mat{m,n, R) with column vectors in i?®™". We present the matrix A G Mat{mn,p + ni^ + n^,R) in three 
blocks. The first mn x p block corresponds to the change of variables, i.e. Aut{R), the second mn x to Gr, the third 
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mn X to Gi. In the basis (an, ai2, ■ - ■ , ain, ^21, ■ • ■ , cL2nj • ■ • , Omi, • ■ • , 0"mn) we have: 



(3) 



daii ^ 
9ai2 




( an . 

n 
u 


am 
u 




ail 





ain u 


\ 

n 
U 






9ai„ 












an . 


ain 




da2i 
da22 




021 ■ 
. 


a2n 






021 





a2n 










da2n 












a2i . 


a2n 










ami 
. 







Q"rnl 














\damn J 




'. 










✓ 



o 

O o 



(Here d denotes the row of derivatives, da = (9ia, . . . , dpu).) 

Sometimes we need this matrix in the basis (an, 021, . . . , a^i, 012, ■ • • , am2, ■ • • , iir: 



^'""^ /A O 
O A 



(4) A = 



dami 
dai2 



da. 



■rn2 



\ 




\ 



o 



A 



/ 



/ On 




ain 




a„ii 
an 



amn 

ai„ 



Oml 

an 

ai?i 



\ 



A 



T 



I 





ami 



amn J 



Denote by Agi, Agu Agi,., AAut{R) the corresponding blocks of A. 

Corollary 2.11. A is finitely G-determined iff for any radical ideal J C m the left kernel module is trivial: 
G = Gir : W(^G,J = {Be Matin,m,R/J)\ BA = 0„x„, AB - Omxm} = {0} 

G = e,,. Xer(')(^c;„,) = [b e Mat{n,m, R/ J)\ BA = 0„x«, AB = 0„xm, trace{BdA) = o} = {0} 

(Here is the vector of zeros, dA denotes the vector of all the possible derivations of A. All the matrices/vectors have 
their entries in R/J.) 



Proof. This is immediate consequence of lemma 12791 We should only check that writing the left kernel of Agi^, Ag,^ in 
the matrix form, 



(Wl, . . .,Wmn) 



I Wl 

Wn+1 



Wn 
W2r. 



\Wn{m-l) + l ■■■ WmnJ 



gives the prescribed equations. 



3. Implications for particular groups and subspaces of Mat{m,n,R) 
3.1. The case of Gir- 

Theorem 3.1. 1. If m < n then no A G AIat{m,n,m) is finitely Gi determined. 

2. A G Mat{m,n,m) is finitely-Gir- determined iff it is finitely-Gr-determined. 

3. A £ Mat{m,n,m) is finitely-Gr-determined iff Im{A) contains a power of the maximal ideal of R. 
Note that in the last statement the ideal of maximal minors is taken for A, not for A. 

Proof. By lemma [53] we need to compute the ideal of maximal minors of A. In the absence of derivations (of Aut{R)), 
Agi^ is a mn x (m^ + n^) matrix, (and mn < m^ + ri^), so a minor is specified by the choice of mn columns of Agi^- 
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1. Note that the G; part is a mn x matrix, thus, if m < n we get Imni'^Gi) = 0- In particular, (as the ring R is 
of positive dimension, i.e. not Artinian), ImniAoi) can never contain a power of m. 

2. The direction ^ is trivial, as Gir D Gr. For the direction suppose A is not finitely Gr-dctcrmined, then there 
exists a radical ideal J C R with a non-zero left kernel vector, 7^ v € KeA'-\A ig) R/J). As n>m, the ordinary kernel 
is non-zero too, i.e. there exists ^ u G Ker{A (g) R/J) which is supported on V{J). Namely, ii gu = G {R/J)®^ 
then g = G R/J (recall that J is a radical ideal). Therefore, the matrix B = u ^ v = ({w,Wj},j) S Mat{n,m,R/ J) is 
non-zero and satisfies: AB = O, BA = O. Thus, A is not finitely- G(r-determined. 

3. Using the second form of A as above, we get: Imaxi-A-Gr) = (-^m(^))"- In particular, Im{-^) contains a power of 
the maximal ideal iff Imax (-^Gr ) does. Hence A is Gr finitely determined iff the ideal Imax (^) contains a power oimd R. ■ 

Example 3.2. Consider the trivial case: A is a constant (numeric) matrix, m < n. Then A is finitely Gjr-determined 
iff at least one of its maximal minors is a non-zero constant, i.e. A is of the full rank. (In other words, A is invertible 
from the left, i.e. it has no left-kernel.) In this case, for m < n, A is 0-determined with respect to Gr, i.e. stable. 

Example 3.3. Another trivial case is dim{R) = 1. In this case if / G i? is not a zero divisor then fR D for some 
N > 0. (This follows from the existence of conductor in R.) So, a matrix is finitely Gf-determined if at least one of its 
maximal minors is not a zero divisor in R. 

More generally we have: 

Corollary 3.4. Suppose dim{R) > 0. 

1. If m = n then A G Mat{m,m,m) is finitely Gw- determined iff dim{R) = 1 and det{A) £ R is not a zero divisor. 

2. If dim{R) > \n — m\ + 1 then no matrix in Mat{m,m,m) is finitely Gir determined. 

3. Suppose dim{R) < |n — to| -|- 1. Given A G Mat{m, n, R) and N > 0, for any generic enough B G Mat{m, n, m^), the 
matrix A + B is finitely Gr -determined. In particular, the set of matrices that are not finitely determined is of infinite 

codimension in Mat{m,, n, R). 

4. Suppose dim{R) =2. If A has at least two maximal minors whose determinants are relatively prime, (i.e. if 
Aj = aih G R then h G R is invertible), then A is finitely Gr -determined. 

Proof. (1) is immediate. 

(2) . Assume m < n. If /,„ Z> for some > then the germ defined by this ideal, V{Irn) C Spec{R), is supported 
at the origin only, i.e. the dimension of V{Im) is zero. But the codimension of the germ defined by the maximal minors 
is at most (n — m + 1). So dimV{Im) > dim{R) — {n — m+l), i.e. dim{R) — {n — m+l) < 0. 

(3) . Follows by observation that for generic enough B the codimension of Im{A-\-B), or of each irreducible component 
of this variety, is the expected one. 

(4) . Let Ai, A2 be two such minors then the scheme {Ai = = A2} is supported at the origin only, G Spec{R). 
Thus the local ring contains a power of maximal ideal. ■ 

3.2. Finite determinacy for deformations that preserve Im{A). Recall that G;,. preserves all the fitting ideals, 
(in particular, in most cases there are no finitely-G(r-determined matrices). Therefore, for the action of Gir or of its 
subgroups, it is natural to consider deformations of A G Mat{m, n, m) only inside the stratum 

(5) Ei^(^A) ■■= {B G Mai(m, n,m)| I^{B) = I^{A)}. 

In terms of commutative algebra, we consider only the modules with the given support. Note that now is not 

a linear subspace of Mat{m,n,m). Still, by the general criteria, it is enough to check that the embedding of tangent 
spaces, T(^GirA,A) C Tj^j^^^^^a), is of finite codimension over IK. 

Lemma 3.5. Tj:^ ^^^^ A) = {B & Mat{m,n,m)\ trace{A^ B,) G Im{A)} . 

■ C{l,...,n} 

here ■ denotes some mx m block of the matrix, the sum goes over all such blocks. 
Proof. Follows by expansion in powers of e: Im{^ + ^B) = Im{^) + e trace{A^Bm) 

■ C{1, .■■,"} 

Proposition 3.6. Let R be a regular ring, for a given A G Mat{m,n,m) consider only deformations inside If 
dim{R) > 2(|n — m\ + 2) then A is never finitely-Gir- determined. 

Proof. In this case the ideal Im-i{A) defines a subspace of Spec{R) of positive dimension, i.e. the KruU dimension of 
R/Im-i{A) is positive. On the other hand, restricting to R/ Im-i{A) we get Tj^j^^^^^^a) = Mat{m,n,m/Im-i{A)). Thus, 
by the general lemma there cannot be Gir finite determinacy. ■ 

By similar consideration we get: if dim{R) > mn then there are no finitely-Gzr-determined matrices, even if one restricts 
to deformations that preserve all the fitting ideals. 
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3.3. Congruence and (anti)symmetric matrices. For square matrices consider the congruence, A 
the corresponding group Gcongr ■— G 

( daii\ /2aii 



(6) ^e. 



dai2 

daim 
da22 
da23 

da2ra 

da33 

da^rn 

V ■•■ J 



ai2 



air 



2ai2 

022 



congr XI Aut{R) . For A G Maf^'^in, n, R) the matrix Ag^, 




is of size (™^^) x m 



UAU'^, and 

2. 



0'2n 



2aim 
a,2m 



o 






2ai2 
ai3 

aim 



\ 



O 



For A e Mat""*'-**f'"(n, n, R) the matrix Ag^^ 

( dai2\ 
dai3 



(7) Ag^ 



daini 
da23 
da24 

da2m 
da34 

da3m 



/ ai2 


022 • • • 


(lm2 


ail 




a23 • • • 
















aim 


(l2m 













ai3 




O 




ai4 








aim 




o 






V 


o 


















ai2 ... 


Olm 










(J 


an 


aim 













2a22 • • • 


2a2m 








023 • • • 


03m 


021 


02m 












a2m 


amm 
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. . . U 


o 




2031 


zasm 






Oml 


a^tim 


o 









(2) X 








ai2 ... 


aim 















"Im 




U 


U 


U 













023 • • • 


Om3 


021 • 


02m 


024 • • • 


Om4 


. 









. 





a2m • • • 


0mm 


. 









014 














Olm 


■ • • ^mm 



J 



Proposition 3.7. 1. For dim{R) < mn there dVC 710 fiflitely-Q congr 

-determined matrices in Mat{m,n,m). 

2. A symmetric matrix A is finitely Q congr -determined (in Mat^y™{m,m,R)) iff for any radical ideal J C R that is not 
a maximal ideal the following kernel module is trivial: 

|s e Mafy"'{m,m,R/J)\ BA = Omxm, trace{BdA) = o| = {0}. 

3. Similarly, an anti-symmetric matrix A is finitely Q congr -determined (in Mat°'"^^~^y"^{m, m, i?) ) iff 

|b e Mor"*'-"^'"(TO,m,i?/J)| BA = O^xm, trace(BdA) = o} = {0}. 

Proof. 1. Consider the decomposition into (anti)symmetric parts: A = A+ + A_. This decomposition is preserved 
by Gcongr, 1-6. A U A+{(j){x))U^ + (</)(a;))C/'^, with UA+{(j){x))U^ G Mat'y"'{m,m,m) and UA_{4>{x))U'^ G 
Mat""**"*'''" (to, TO, m). Therefore, if A is finitely ^/congr-determined (in Mat{m,n,R)) then the pair (A+, A„) is finitely 
determined too. Suppose A is generic enough, consider the pair of the hypersurface germs V± := {det{A±) = 0} C 
Spec{R). Finite determinacy of A would imply the finite determinacy of this pair, i.e. for high-order-terms-deformations 
V±(e), induced by deformations of A±, there exists one change of variables (j) G Aut{R) satisfying (j){V±{e)) = V±. For 
example, for V+(e) = V+, the automorphism ^ should both preserve V+ and adjust V-. Which is impossible for generic 
choices. 

2. and 3. follow immediately from the form of Ag^^ as above. ■ 



Proposition 3.8. 1. For A G Mat'y"'{m,m, R): Im{A) D W(-4g.„„,J 2 Im{A)Im-i{A) ■ • • Ji(A). 

2. In particular, A G Mat^y"^{m,m, R) is finitely-G congr -determined iff Im{A) contains a power of the maximal ideal. 

3. For A G Mat^''''-'y"'{m,m,R): /™_i(A) D /ma.(^G_,J 2 Im-i{A)Im-2{A) ■■■Ii{A). 

4- In particular, A G Mat°'^*^~^y^{m,m, R) is finitely-G congr -determined iff Im-i{A) contains a power of the maximal 

ideal. 

Proof. 1. The matrix ^Gcongr of ^i^^ (™^^) x m^, therefore any of its maximal minor is a choice of (™^^) columns. 
Note that Ac^^^g^ is naturally split into C"^^) x m blocks of columns. Choose some (arbitrary) ordering of these blocks, 

{A^^^}j=i...m- One of the ways to choose a set of columns is by the distribution, (™^^) = m -|- (to — 1) H hi, taking 

j columns from j'th block of columns. To compute the determinant of such a minor, start from the block A^"^\ its 
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contribution is det(yl("')). Note that the blocks and ^^"'"^^ have precisely one common row (which is "taken" 

when computing det(^(™))), thus the contribution of ^(™^-'^' is the determinant of the remaining (m — 1) x (m — 1) 
block. Continue in this way up to A''^\ multiplying all the contributions we get an element of I„i{A)I„i-iiA) . . . Ii{A). 
By going over all the distributions of columns (for the given ordering {^'■-'•'}j=i...m) and then over al the orderings of 
{A^^^}-i=i...m we can realize ah the elements of /„(A)/™„i(A) . . . Ii{A). Thus /max(^Ge„„a,J ^ Im{A)Im-i{A) . . . Ii{A). 

To show that Im{A) D ImaxiAoaon r) it is enough to notice that for generic A the ideal I,n{A) is radical and to 
check that AQ^angr R/Im{A) has non-trivial left kernel. (Recall that the support of the left kernel is precisely the 
ideal of maximal minors.) By proposition 13.71 the left kernel in this case consists of symmetric matrices satisfying 
BA = O e Mat{m,m, R/Ijn{A)). The natural candidate is the adjugate matrix, A"^ A = det(A)I = AA"^ . As A is 
symmetric, is symmetric too, hence it provides the left kernel, except in the case — O €i Mat{m,m, R/ Im{A)). 
But then, immediately, det(yl) — ^ R. So, for any J C m C R the matrix A R/ J cannot be finitely determined. 
Which means, by lemmas 12.51 and 12.91 that the image of ImaxiAG^^^g,.) in i?/J does not contain a power of maximal 
ideal. Which means /max(^G„„gJ = {0} C R. Thus Im{A) D /max(-4G„„gJ- 

2. Follows immediately from the first part and lemma 1^31 

3. The proof of Imax{AGao„gr) 3 l7n-i{A)I,n-2{A) ■ ■ ■ Ii{A) goes as for part 1. So, we only need to prove Im-i{A) D 

-^rnaX ^'^G congr ) • 

Suppose m is even, then for generic antisymmetric matrix det{A) ^ E R, while is antisymmetric too. Therefore 
A (E> R/ y^Im{A) has the kernel: . As I„i {A) C \/ Im-i{A) we get: A (E> R/ y^I,n-i{A) has non-trivial kernel too, 
thus is not finitely-Gcongr-determined. 

If m is odd, then det(A) = G i? for any antisymmetric matrix (and A"^ is symmetric), thus we should construct 
the kernel in a different way. Let A^*'*) be the (m — 1) x (to — 1) block of A obtained by erasing i'th row and column. 
It is an antisymmetric matrix and its adjugate, (A^*"'^)^, is antisymmetric too. Complete (A^*'*^)^ to the to x m 
matrix, by inserting at i'th position the zero row and column, denote the resulting matrix by B. By construction, 
B is an antisymmetric matrix and over Rj \/ /m_i(A) the columns 1, . . . , i, . . . , to of the product BA are zero. But 
det(j4) = G i?, i.e. its columns are linearly dependent. So, if B kills (over i?/\//m-i(^)) all the columns except for 
j'th, then it kills the i'th column too. Finally, as we assume /„j_i(A) ^ {0}, the antisymmetric matrix B is not zero. 
Providing the needed left kernel of A. 

4. Follows now immediately from the third part and lemma 1^31 ■ 



3.4. Upper triangular matrices. Let Mat"P{m,m, R) C Mat{m,m, R) be the i?-submodule of upper triangular 

C Gir be the group of transformations A 



let cr; 



matrices, Aij = for i > j, 
Identify Mat"P{m,m, R) with i?( = ) by choosing the basis (aii,ai2, 



■ , aim, 022, 



UAV with U, y-upper triangular. 
. , a2m, flmm)- In this basis 



the generating matrix of Ti 



{G"''A,A) 

fan 





and Ti 



(8) 



(9) 



Thus we get immediate: 



V 

/ an 

ai2 



an 


o 



"A^A) are: 


ai2 

022 

an 







022 



aim a2m 



O 



o o 



ai2 ai3 ^ 
a22 023 (U) 

033 







an ai2 
022 

... 



ain 

a2n 



amm j 



\ 



o 



a22 
a23 033 



O 



o 



a2m a3„ 



O 



O 



Corollary 3.9. 1. l,nax{AQ^^i-) = OJlldlLl ^^i) ^"'^ im.ax{.AQ^^v) = rijlldl^j 

2. In particular, A is G"^ or G^^ finitely determined, inside Mat'"P{m, to, R), iff Im{A) contains a power of the maximal 
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ideal of R. 

3. A is finitely G"^ determined iff for any radical ideal J C R the kernel module is trivial 

{B e Mat''P{m,m,R/J)\ l.t.{B'^ A) ^ u.t.(SA^) = 0} = {0}, 
here l.t. and u.t. are the lower triangular and upper triangular parts. 

3.5. The case of Aut{R). In this case the group does not use any matrix structure, we have just the classical right 
equivalence, Aut{R) O AIaps{Spec{R), (K",0)). For completeness we reprove the corresponding statements. 

Let {xi}i^i,,k be a sequence of "regular parameters" in _R, i.e. a sequence of elements such that the quotient 
R/{xi, . . . ,Xk) is of KruU dimension (dim{R) — k) and the images of the generators {xi}i in m/m^ are linearly in- 
dependent. (If R is regular then {xi} is just any system of generators, in general this is a system of coordinates on the 
Noether normalization of a maximal dimension component of Spec{R).) 

Proposition 3.10. 1. If n > 1 then the map A e {Spec{R), (K",0)) is finitely-Aut{R)- determined iff dim{R) > n and 
the entries of A form a sequence of regular parameters (of length n) in the sense above. 

2. Moreover, in the later case A is Aut{R) -stable. 

3. If n — 1 then the map A € (Spec{R), (K^,0)), i.e. an element of the ring, is finitely-Aut{R)-determined iff the ideal 

. . . ^dpA) contains a power of m, i.e. defines a one- point- scheme on Spec{R). 

(If R is not regular then A^^(O) is not necessarily reduced or has an isolated singularity, cf. example 13.151 ) 

Proof. 1. By lemma 1^751 we should check the ideal of maximal minors, Imax{AAut(R))j where AAut(R) is a n x p matrix. 
In particular, if n > p, then Imax{AAut(R)) = A is not finitely- yliti(i?)-determined. For n < p this ideal defines 

the subgerm of Spec{R), which is either empty or of codimension at most (p — n + 1). 

The first case means that Imax{AAut{R)) = i-e. the determinant of one of the minors of AAut{R) is an invertible 
element of R. As the elements are derivatives, we get that the entries of A form a sequence of regular parameters. 

In the second case the ideal ImaxiAAut{R)) defines a subgerm of positive dimension (as n > 1), thus the ideal cannot 
contain any power of m C i?. 

2. As we have the system of regular parameters {xi}, any change {xi — > Xi + (t)i}, with £ m, lifts to an automorphism 
of R. Hence for any B G Maps{Spec{R), (IK",0)) there exists e Aut{R) such that 4){A + B) = A. m 

3.6. The case of Qj.- 

Corollary 3.11. 1. Ifp < n then A is finitely-Qr-determined iff it is finitely Gr-determined. In particular, for n—m+1 < 
dim{R) < n there are no finitely-Qr-determined matrices. 

2. More generally, if p < kn and A is finitely-Qr-determined then the ideal Im-k+i{,A) contains a power of the maximal 
ideal of R. Thus dim{R) < k{n — m + fc). 

Proof. 1. If p < mn then any mn x mn minor of Ag^ contains at least mn — p -f 1 columns of Aa^, so for p < n 
it contains at least one block of A. So, the minor belongs to Im{A). Thus Imax{Ag^) C Im{A). On the other hand, 
(/„i(A))" C I,nax{Ag^), thus Imax{Ag^) coutaiiis & powcr of tn iff ImiA) does. 

The second statement follows from corollarv 13.41 
2. In the same way, check the minors of A to get Imax{A) C Im-k+i{A). ■ 

3.7. The case of Gir- 

3.7.1. Conditions on fitting ideals. If A € Mat{m,n, R) is Qir-fimtely determined then all the fitting ideals are "simul- 
taneously finitely determined", i.e. for any B>n there exists (f> G Aut(R) satisfying: 

(10) {</)(/! (A + i?>^)), . . . , (t>iI„M + B>n))} = mh{A)), . . . , (filmiA))} 

On this occasion we record the miniversal deformations of these ideals. 

Lemma 3.12. The tangent space of the miniversal deformation of Ij(A) is ^j-i(^)/(/j (A), 9/j(A)) • 

Proof. Consider the deformation A-\-eB, expand in powers of e and use (for each square block) the relation det{A + eB) = 
det{ A) -\- etr{A^ B) -\- ■ ■ ■ . By choosing all the possible matrices B we get: Ti.(^a) is spanned by all the elements of /j_i(A). 

The tangent space to the orbit Aut{R)Ij{A) is computed as usual. Consider an infinitesimal automorphism, whose 
action on the generators of R is: Xi Xi + e(j)i{x). Then det{A) det{A) -I- e J^i <t>i{3±)di dei{A). In addition, the change 
(1 -I- eu(x)) det{A) does not change the ideal. Hence the statement. ■ 
For an ideal J C R denote by ord{J) the maximal number k such that J C m''. 

Corollary 3.13. Suppose R is a regular ring with some fixed generators {xi, Xp). Suppose ord{Im{A)) > ord{Im-i{A))-\- 
1, and moreover no maximal minor of A involves Xp. Then A is not finitely-Qir-determined. 
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Proof. Let a G Im-i{A) be an element whose order coincides with that of /„j_i(yl). By lemma [3.121 the miniversal 
deformation of /m(^) contains the (image of the) subspace generated by the elements {aa;^}j>o. On the other hand, 
by initial assmnption: if ai^-CjX^p) g< /,„(A), > then a e< /„i(A), >. Which is impossible, as 
ord{a) < ord{Im{A)) — 1 = ord{dIm{A)). Thus the vector subspace (of all the possible deformations) generated by 
{axj^}j>o intersects trivially the subspace < ImiA),dImiA) >. But then the vector space ^j-ii^}^{Ij(^A),dIj{A)) is of 
infinite dimension. ■ 



Proposition 3.14. If A G Mat{m,n, R) is Qir-finitely determined then: 

1. There exists an automorphism (jj O R such that (/)(/i),...,(/)(Jm) are generated by polynomials. 

2. The orbit of I„i under Aut{R) contains a power of maximal ideal: Aut{R)Im 3 

3. codimSing{V{Ij)) ^ {m - j + 2){n ~ j + 2). 

4. The co-dimensions of all the fitting ideals, Ij{A), are the 'expected' ones. In particular, either p > mn and Ii{A) is a 
complete intersection ideal or Ii {A) contains a power of maximal ideal. 

Proof. 4. Suppose Ii{A) does not contain any power of m. Let v e m^+^ such that v ^ Ii{A). Then Ii{A+ ^^) ^ 

Ii{A). If A is A^-determined then there exists G Aut{R) such that (f){Ii{A)) ~ Ii{A + '^^)- In particular, these 

ideals have the same (co)-dimension. As we can choose v generically, and put it at any position in the matrix, we get: 
Ii{A) is a complete intersection. ■ 



Example 3.15. If R is not a regular ring then being finitely determined does not imply that the ideal Ii{A) is radical 
(i.e. the zero locus A~^{0) is reduced). For example, let R = K[[x, y, z]]/{xz, yz) and A e Afat(l, 1, R) be just x + y + z. 
Then A is obviously finitely-determined (even stable), but Ii{A) defines a non- reduced scheme, whose local ring is 
K.[[x, y, z]]/{xz, yz, x+y+z) « K[[x, y]]/ (x"^ ,xy). The natural guess is that if i? is Cohen- Macaulay then finite-determinacy 
implies that Ii {A) defines a reduced scheme (or a fat point) . 

3.7.2. Finite determinacy with respect to Qir. 

Proposition 3.16. If dim(R) < \n — m\ + I, then A is finitely Qir determined iff it is finitely Gr determined. 

Proof. By theorem 13.11 if A is not finitely Gr determined then {A) contains no power of the maximal ideal. But for 
any N , for generic enough B G Mat(m, n, m^+^), the ideal ImiA + B) defines a one-point scheme, i.e. contains a power 
of maximal ideal, hence is not equivalent to Im{A). ■ 



Proposition 3.17. 1. Suppose dim(R) = n ^ m + 2 > 2, m < n, and the ideal Im{A) defines a one- dimensional 

generically reduced subspace of Spec{R) (i.e. the singularity is isolated). Then A is finitely Qir determined. 

2. In particular, for dim{R) = n — m -\- 2, the set of non-finitely-Qir-determined matrices is of infinite codimension in 

Mat{m,n,R). 

Note that in the second statement we need the whole Qir, not just Qr 

Proof. As the germ V{ImiA)) is of expected dimension, 1 = dim{R) — [n — m + 1), any deformation of the matrix, 
A ^ A + B , induces a flat deformation of the ideal, Im{A) — s- Im{A + B). This follows from the classical fact: if 
V{Im{A)) is of expected codimension, i.e. Im{A) has a regular sequence of expected length then the Eagon-Northcot 
complex is exact, |Eisenbud-book[ §A2]. 

As the singularity of V{Ira{A)) is isolated, this germ is finitely determined with respect to Aut{R), i.e. has a finite 

dimensional miniversal deformation. Thus for B of high enough order: Im{A) 7,^(^1 + B). By ijl.3.21 this germ 

finitely- ylui(i?)('^) -determined: for any fc > there exists N ^ k, such that if B G Mat(m, n, m^+^) then 30 G Aut{R) 
with Im{A) — (f)*I„i{A + B) and ■Kk{4') = Id. (Meanwhile keep k indefinite, later we choose it big enough.) Thus 

(I) *{A + B) ^ A + G>k, and it is enough to prove: 

(II) if Irr^iA) = I„M + G>k) then A'I^ A + C>k 

Restrict onto R/Im{A), as mentioned in the introduction, it is enough to prove the Gir equivalence of restrictions of A 
and A -\- C>k- Note that now all the maximal minors of A (and oi A-\- G>k) vanish. However, as the ring R/Im{A) 
is generically reduced, i.e. the singularity is isolated, there exists at least one (m — 1) x (m — 1) minor in A, whose 
determinant is not a zero divisor in R/Im{A). Using this minor we kill all the entries of C>k as follows. 

By permutations of rows and columns we can assume that this minor, ^(m-i),(m-i)j composed of the first (m — 1) 
columns and rows of A. As the ring R/Im{A) is one-dimensional it has the property of conductor: for any non-zero 
divisor / G R/Im{A) there exists fc > such that m'^ C (/), i.e. any element of this power of maximal ideal is divisible by 
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/. Thus, for / = det(^m_i_m-i) and A + C>k we choose k satisfying this property, so C>k is divisible by det(^„j_i „j_i). 
Let j4^_j^ be the adjoint matrix of this minor, consider the Gr transformation: 

(12) A ^ a(i„x„ + |^<~i,m-id^t(A:_;::_i)^ ) 

where the last term is a n x n matrix, whose first (m — 1) rows are of the prescribed type, while all the rest are zeros. 
The result of this transformation is A + C" where the first (m — 1) rows of C and C" coincide and only the last row is 
possibly different. Now, by a similar G; transformation we achieve the form A + C", where C possibly differs from C 
only at the last (n — m) elements of the last row. So, we have proved: A + C is Gir equivalent to A + B, where Bij — 
for i < m OT j < m. 

As we work over R/Im{A), we have: Im{A + C) — Im{A + B) — Im{A) = {0}, i.e. all the maximal minors of 
A + B have zero determinants. In particular, by considering all the minors that include the first (m — 1) rows, we get 
B,n,j det(yl(,„_i)x(m-i)) = for any j > m. As det(A(m_i)x(jn-i)) is not a zero divisor, we get: B = O. m 



Corollary 3.18. Suppose dim(R) < 4 Then A G Mat{m,m, R) is finitely Qir- determined iff both the ideal I„i^2{A) and 
the ideal generated by {trace{A^ diA)}i contain a power of the maximal ideal of R. (Alternatively, both ideals define a 
suhspace of Spec{R) of dimension zero.) 

Proof. By corolalrv l2.11l we should check the triviality of the kernel {BA = O = AB, trace{BdA) — 0}, for any restriction 
to R/J. The first equations imply in particular that det{A) = G R/J^ thus J D {dei{A)). Further, if J ^5 Im-2{A), 
then the co-rank oi A® R/J is one, hence from the first two equations we get: B = gA^ , for some g G R/ J . Then, if 
ideal {trace{A^ diA)}i does not contain a power of the maximal ideal in R/{det{A)), we get the non-zero kernel. And 
vice versa. ■ 



3.8. Applications to the singularities of maps. Suppose m — 1, then Mat{l,n,m) can be considered as 
Maps{Spec{R), (IK",0)). Note that in this case the Qir and Qr equivalences coincide. Moreover, they coincide with the 
classical contact equivalence IC. Therefore in this case we consider the 1 x n matrices as maps. 

Corollary 3.19. Let Spec{R) 4 (]K",0), so A ^ (oi,. . .,a„). 

1. A is finitely-Gr- determined iff A^^ C Spec{R) is a (fat) point. In particular, if n < dim(R) then no such matrix is 
finitely-Gr- determined. If n > dim{R) then the generic matrix is finitely determined. 

2. If p < n then A is finitely-1C- determined iff it is finitely-Gr-determined. 

3. A is finitely-K,- determined iff the ideal defined by {oi} and the ideal of maximal minors of the Jacobian matrix, 
{djOi} j=i^...^p contains xn^ , for some N . In particular, the generic matrix is finitely-JC-determined. If A is finitely-JC- 

i—l,...,n 

determined and p > n then ^^^(0) is a complete intersection (of codimension n). 



Proof. 1. This is just the G/r-criterion from theorem 13.1 
2. Note that in this case A G Mat{n,p + n'^,R) is: 



(13) 



J acobian 
matrix 



I ai 




0.2 









Ol 



02 







Ol a2 



Thus, if p < n, then any n x n block of A contains a column of the Gr part. Thus the radicals of ImaxiA) and Ii{A) 
coincide. Thus, /C-determinacy implies Gr -determinacy. The converse statement is trivial as G,- C IC. 
3. The first statement is just the statement of lemma 12.51 for the case Mat{l,n,R). Suppose ^^^(0) is not of expected 
dimension, then {oi} are algebraically dependent, i.e. hiai — € R, for some {bi} in R. Then, by differentiation we 
get: J2i bidoi = G R/{{ai}). And not all hi are zero in R/{{ai}), as {oi} is not a regular sequence. Thus the jacobian 
matrix {djai}j^i^,,,^p cannot be of the full rank over R/({ai}), i.e. its ideal of maximal minors is included into Ii{A). 

i—l....,n 

Thus, the ideal of maximal minors of A cannot contain any power of m, as the support of ^^^(0) is of positive dimension. ■ 



Remark 3.20. If i? is a regular ring, then from (3) of the last lemma we get the classical criterion f [Wall-1981] ): A is 
finitely-/C-determined iff A~^{fS) is an isolated complete intersection. For non-regular rings A~^ can have non-isolated 
singularity but still be finitely determined. For example, let R = K[[a;i, . . . , a;„]]/ (a^i), then the module of derivations is 
generated by {xidi,d2, ■ . ■ , 9„). Consider A G Mat{l, 1, R) defined by xi + X2. Note that A= (xi, 1, 0, . . . , 0, a:i -I- 2:2), 
thus Imax{A) = R, hence finite-/C-determinacy. (In fact, A is even Aut(i?)-finitely determined.) But the zero locus is 
{xi + X2 = 0} ~ Spec()K[xi,X2, . ■ ■ ,Xn-i\/ {x\y), i.e. is a multiple hyperplane. 
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Remark 3.21. Using this approach we can check the determinacy of maps with respect to some subgroups of /C. Consider 
(f) G Maps(Spec{R), (IK^, 0)), suppose N = mn, with m <n. Associate to this map the matrix ^4^"*'"^ g Mat{m, n, R). 

The group Qi^'^^ Mat{m,n, R) is obviously a subgroup of /C O Maps[Spec{R), (K^,0)). And for m > 1 the orbits 



of Gi^'"^ are much smaller than those of /C. Thus, the finite ^(^^"'"''-determinacy is a much stronger property than the 
finite /C-determinacy. 

Further, there is the partial ordering among {Gl^'^^}mn=N- if m = am' and n = n' /a, with m < n and a > 1, then 
^(m,n) ^ g(m ,n ) j^^^ their orbits embed naturally. So, the "smallest" possible subgroup is with the smallest 

n, for the given N. 

4. Stable types 

We prove the general criterion for G O Mat{m,n,m). Recall that for Gi C G2, the Gi stability implies those of G2- 
Therefore we consider the two main cases: Gir and Qir. 

Let A G Mat{m,n,m), choose some elements xi,. . . ,Xp S m, whose images generate m/m^. Accordingly, we expand 
A = "^.XiAi + • • • , where {Ai G Mat{m,n,K)} and the dots mean the higher order terms. Combine the matrices {Ai} 
into one numerical matrix: 



,(m,n) 



(14) 



B :-- 



fAA 

A2 

\aJ 



G Mat{pm, n, 



Proposition 4.1. 1. If A € Mat{m,n,m) is GirStable then rank{B) = inm{n,mp). 

2. If A is Gir -stable then rank{B) = pm, in particular pm < n. 

3. If rank{B) =pm then A is Gr-stable. In particular, for pm < n, the Qir- stability implies the of Gr- 

Proof. If A G Mat{m, n, m) is stable then its image in Mat{m, n, m/m^) is stable too. Thus to get the necessary conditions 
it is enough to check the stability of B. Note that the Gr part of Gir acts on B from the right, as GL{n,'K), while the 
G( part acts from the left simultaneously on all the (horizontal) m x n blocks, (as GL{m,K)). Further, the action of 
Aut{R) reshuffles these blocks. Therefore, Qir acts on B as the subgroup of GL{pm,K) x GL{n,K). 

1. One can always deform A so that B deforms to a matrix of the full rank. But, as said above, Qir preserves the 
rank of B. Hence, A cannot be stable unless B is of full rank. 

2. Suppose rank{B) < pm, it is enough to check the non-stability of the image of A in Mat{m,n, m/va^). If B is not 
of (full) rank pm, then there exists some 1 < i < j < p such that the 2m x n matrix composed of Ai, Aj is not of full 
rank too, i.e. its rank is less than 2m. Geometrically this corresponds to the restriction onto the subspace spanned by 
Xi, Xj. We can deform A^, Aj generically, thus for Gir- stability they should be of the full rank. Then the 2m x n block 
can be brought, e.g., to the form 



(15) 



/I 



7^ 



3> 



o o\ 



O I 



V* 



Then, e.g. the scaling of the last row cannot be undone by the remaining transformations. 

3. Suppose B is of (full) rank pm, then n > pm and by GL{n,K) transformations (from the right!) we can bring B 
to the "diagonal" form: 



/In 



(16) 



B 



GL{r, 



Ir 



X (n— pm)\ 
^mx(n—pm) 
^mx{n—pm) 

^rn X (n— pm) / 

This is the (unique) normal form for any B of rank pm, the later condition is open, thus such a matrix is (right) stable. 
Thus the image of A in Mai(m, n, m/m^) is G^-stable. Finally, by direct check, we get that A itself is G^-stable. ■ 



tr 



5. Appendix 

5.1. The case of G°° and analytic categories. Let R be one of M.{xi, . . . ,Xp}, G°°{W,0), let R be its completion. 
For A G Mat{m,n,R), let A G Mat{m,n,R) be the corresponding completion. Let G = Qir O Mat{m,n, R), let 
G = Qir O Mat{m, n, R) be the corresponding completion. 

Theorem 5.1. 1. For R = M.{xi, . . . ,Xp}, a matrix A G Mat{m,n, R) is analytically finitely-Qir- determined iff it is 
formally finitely-Qir- determined. 

2. For R = C°°(IRP, 0) a matrix A G Mat{m, n, R) is C°° finitely-Qir- determined iff its completion, A G Mat{m, n, R), 
is formally finitely-Qir-determined. 
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Proof. In both cases the direct statements are immediate, we prove only the converse statements. 

1. Suppose A G Mat(m, n, R) is formally finitely-determined, then for any _B> n there exists a formal triple (C/, V, <f) S 
G C Qir satisfying: tjA{cf){x))V — A[x) + Byk{x)- Moreover, we can choose {tj,V,(j)) S G, i.e. C/|o — I, V'lo ~ I and 
4>\o = Id. 

As both A and B are analytic matrices, these are the analytic equations. Therefore, by Artin's approximation theorem, 
[Artinl968] . these equations have an analytic solution, ([/, V, 0) S G, with [/|o = I, V\q ~ I and (/)|o = Id. Thus, A{x) 
is analytically-G-equivalent to A + B^k. Hence the analytic finite-G-determinacy. 

2. Suppose A e Af af(TO, n, G°°(M^, 0)) is formally finitely determined, then, in particular, it is equivalent to a matrix 
whose expansion into the power series is polynomial. Thus, from now on, we assume each entry of A is a polynomial plus a 
flat function, so A is a matrix of polynomials. As A e Af at{m, n, R) is finitely-G-determined, for any Byk G Mat{m, n, R) 
the equation UA{(j>)V = A + Byk has a formal solution. 

Recall Borel's lemma, (Rudin-booki Chapter 19, ex.12]: any formal power series is presentable by a G°° function, 
i.e. for any / e R[[a;i, . . . , Xp]] there exists g e G°°(Rp,0) such that g = f. Thus the formal triple (U, ¥,(()) e G is 
presentable by a smooth triple {U, V, (p) G G, satisfying: 

(17) UA{(j))V -A- B>k = a flat function. 

Present : U = U + uq,V — V + vo, (j) = where itQ , i 4"3 are flat (i.e. their expansion in power series are identically 

zero). We prove that these flat pieces can be adjusted so that the difference [U + uq)A{4) + (/)o)(V^ + wo) — A — Byk is 
identically zero (and not just a flat function). For this we use the implicit function theorem. Expand the equation above 
in powers of mq, wqj '/'Oi then we get: 

(18) uqA{x) + (l)QdA{x) + A{x)va + F>2{xtUq,vq,(I)q) = a flat function. 

Here F>2 depends on all the ingredients, but it is at least of order 2 in the flat functions (mq, "^O) ^^'o)- Note that on the left 
we have precisely Ah, where h is the combined vector of wq, VQ,(j}Q. We look for the solution of this equation, i.e. the vector 
h, in the form: h = A'^'w, where w is some flat function. Thus we should solve the equation: AA^w + F{x,A^w) ~a 
flat function. ^ ^ 

Note that AA"^ is a square matrix, whose inverse is: }^(^^t^ , upstairs we have the matrix of co- factors. Further, as 
F>2 is of order at least two in A^'^w, we can expand it into Taylor series with the remainder: 

(19) F{x,y) - £feO) + 9^F(£,0)y + ( (1 - t)dlF{x,ty)dtYy,y) 







(20) w + j^^^jj^^ ( i, " i)dlF{x, tAw)dt) [A'w, A^w) = 



Here the last integral gives a bilinear form, evaluated at y. Therefore, for y — Al^w we have: 

{AAt^Y ( / \n2Tpf A \j\/aT aT flat function 

Aci{AAT) 

Note that AAl'" is the Gram-matrix of the rows of A, [Gantmacher-book] . Therefore its determinant is non- negative, 
det{AA^)\pt > 0, and vanishes iff the rows of A\pt are linearly dependent, i.e. A\pt has left kernel. But, as A is formally 
finitely determined, the matrix A has no left kernel in the punctured neighborhood of the point. (Recall that by the 
initial assumption A is a matrix of polynomials.) Therefore det(^A"^)|pt > in the punctured neighborhood of the origin 
and vanishes precisely at the origin. But then, by Lojasiewicz inequality we get: | det(^^^)| > G||a;||*, for some (5 > 0. 
Therefore ^^'^^^tiAJJ^)^ again a flat function and det(yi.4^) ^ function too. So, we are looking for the solution of 
the initial equation in the form de't{AA?')A"^ w' , where w' is a flat function, satisfying: 

(21) w' + {AA^Y ( / " t)9yF{x, tAw)dt^ {A^w',A^w') = flat function 

And now we can invoke the implicit function theorem for w' , (note that the derivative of l.h.s. with respect to w' is 
non-zero), to get a smooth solution. Finally, by expanding this last equation into power series, we get: the obtained 
smooth solution is a flat function. ■ 



Remark 5.2. Instead of the space Mat{m, n, R) we could choose any subspace, defined by a finite collection of algebraic 
equations, e.g. Mat{m,n,m), or (anti)symmetric matrices etc. Instead of the group Gir we could choose any subgroup 
of Gir which is defined by a finite number of algebraic equations (e.g. Gir, Gcongr, Aut{R) etc). By direct check, the 
theorem holds with the obvious modifications in the proof. 

5.2. An alternative proof of some statements. 

Theorem 5.3. Let A, B ^ Mat{m, n, R) , n > m and dim{R) > 0. 

1. If A is finitely Gir -determined then Im{A) contains a power of maximal ideal m C i?. In other words, the support of 
the module Coker(A) is a point. 

2. If h{B) C Im{A) then A + B^^ A. 
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2'. In particular, if Im{A) contains a power of maximal ideal m C R, then A is finitely Gr-determined 
3. Ifn>m then A G Mat{m,n, R) is never finitely Gi-determined. 

Proof 1. We say that Ij,Ik eventually coincide if Ij n m-'^ = h^] for iV » 0. Note that h contains for N ^ 0. 
Otherwise, ii g G \ (m^ H 7i), then the matrix A + glis not equivalent to A, as they have different 7i's. 

Suppose Im{A) does not contain for any > 0, so /,„ and Ii do not eventually coincide. Then exists < fc < 
(m — 1) such that Ik contains m''^ but Ik+i does not. So, for any N > there exists an element in m'^''^ \ (m*^^ fl Ik+i) 
of the form HiLi ft such that fi G m-'^ \ (m-'^ n h+i) for any i. 

Consider the deformation A + eB, where e € K is a parameter, B is "diagonal", i.e. Bu = fi ioi 1 < i < k and 
Bij = otherwise. We prove that for some e (and thus for generic e) the matrix ^4 + ei? is not Gir equivalent to A, so 
A is not AT-determined. It is enough to prove Ik{A) ^ /^(A + tB). Consider the fc x minor of A + eS corresponding 
to the non-zero terms oi B. If this minor belongs to /fe(^), for any e G K, then H /» ^ -^fe(^)- Contradicting the initial 
assumption. 

2. Suppose c /m(^), i-e. the entries of B belong to Im{A). Let be the maximal minors of A^ they 
generate Ijni^A). Thus one can present: B = J^dj^j^ where each Bj is a matrix of formal power series. We prove the 

equivalence A ^ A + B in steps, after g'th step all the (remaining) entries of B will belong to m'. (Recall that for Gr 
the jet-by-jet-equivalence implies the ordinary equivalence.) 

As A\o = O, we get B|o = O, so the O'th step is completed. Suppose after the step {q — 1) some entries of Bi are not 
in xn'^-°^'^'^'^(9i) _ Consider the matrix equation AmxnCnxn = .9i(-Bi)„ixn- We claim that there exists a solution to this, 
a matrix C of formal power series, vanishing at the origin. Indeed, present giimxm = ^i^i > where Ai is the maximal 
minor whose determinant is gi and AY is the adjoint of Ai. After a permutation of columns of A we can assume that 

Ai is the left m x m submatrix of A. Then an immediate solution to the equation above is: Ci = ( „ ^ ^ I . 

Therefore, if Ci is any solution of ACi = giBi, consider {A + J2i>i - C\) = A + X!j>2 ffi-B, - X!i>i giBiCi. 

Note that (I — Ci) G Gr and X^oi 9iBiCi G Mat{ni, n.m''^^). (As wc are interested in finite detcrminacy only, we can 
assume the order of entries of Bi high enough, so that Ci|o = O.) Continue similarly: for solutions ACj = gjBj apply 
the transformations {A + J2^>l 5iB»)(I - C'i)(I - Ca) . . . (I - Cfc). Now: 

(22) ((A + J29iBi){^ -Ci){l-C2)...{l-Ck)) -A = mod(m«+i), 

i.e. g'th step is completed. 

2'. Suppose Im{A) D m^, take any B G Mat{m,n,m^), apply (2). 

3. Suppose A G Mat{m, n, R) is finitely G;-determined, then there exists a maximal minor of A whose determi- 
nant is not a zero divisor in R. By permutation of columns we can assume that A has the form (AijAa), where 
Ai G Mat{m, m, R), det{Ai) is not a zero divisor and A2 G Mat{m, n — m,R). Let O ^ B2 £ Mat{m, n — m,R) then 
A + B is never G;-equivalent to A. Indeed, if <j){Ai\A2) = {Ai\A2 + B) then = Ax. Multiply by the adjoint matrix, 
AxAX = det{Ai)l to get: (^ - t)det{Ai) = O. This forces cj) = 1. m 
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